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The long-periodic effects of the equinoctial precession on geosynchronous Earth orbit satellites are investigated.

The equations of motion in a reference frame that coprecesses with the Earth are developed, and the resulting

variational equations are derived using mean classical orbital elements. The Earth gravitational model includes the

J2 and J3 zonal harmonics, which induce the equinoctial precession due to the lunisolar gravitational torque. It is

shown that the ever-growing lifetime and mass of geosynchronous Earth orbit satellites render the equinoctial

precession a significant factor, which should be taken into account during mission design, as it affects north–south

stationkeeping maneuvers. The equilibria of the variational equations including the zonal harmonics and the

equinoctial precession are investigated anda class of stable frozen orbitswhich are equinoctial precession invariant is

derived.

Nomenclature

a = semimajor axis
e = eccentricity
f = true anomaly
H = Hamiltonian
h = angular momentum
I = inertial reference frame
i = inclination
K1, K2 = constant Hamiltonians
L = Lagrangian
M = mean anomaly
m = mass
n = mean motion
P = Poisson matrix
P = perifocal reference frame
p = semilatus rectum
R = perturbing potential
Rz = gravitational potential
R = coprecessing reference frame
Rp = precessional perturbing potential
Rz = zonal perturbing potential
r = position vector
u = precessional angular velocity vector
v = velocity vector
� = orbital elements set
�F = disturbing specific force
�H = disturbing Hamiltonian
�L = disturbing Lagrangian
� = eccentricity measure
� = gravitational constant
� = gauge function
� = colatitude angle
 = obliquity of the ecliptic
� = longitude of ascending node
! = argument of perigee
!l = natural libration frequency
� � �0 = initial condition

_� � � = time differentiation
�� � � = mean value

k � k = Euclidean vector norm

I. Introduction

G EOSYNCHRONOUS Earth orbit (GEO) satellites constitute a
major portion of commercial space missions. With recent

progress in orbit design and stationkeeping techniques, fuel
consumption is no longer the limiting factor of GEO mission
lifetime. Rather, the end of life condition for a growing number of
communication satellites is expected to be a breakdown of the power
system, stemming from either battery failure or solar array
degradation due to radiation effects [1].

This fact has encouraged the development of durable and robust
power systems extending the lifetime of GEO satellites. The use of
rechargeable lithium-ion batteries, pioneered by the Eutelsat W3A
satellite [2], is expected to extend the typicalmission lifetime ofGEO
satellites to 15 years of reliable operation [3]. An additional trend in
GEO satellites is an increase of the overall mass, requiring more
propellent for orbit raising and stationkeeping.

The considerable lifetime extension of GEO satellites brings into
play an orbital perturbation that is insignificant for short mission
lifetimes or for low-Earth orbit (LEO) satellites: The equinoctial
precession (EP), which is a circular motion of the Earth’s spin axis
with respect to an inertial frame. It is caused mainly by the lunisolar
torque (planetary effects induce precession of the ecliptic; this effect
is neglected in the current study) on Earth’s equatorial bulge and has
a period of approximately 25,770 years [4]. The EPmay be viewed as
an orbital perturbation due to the fact that the Earth-centered
reference frame used for defining the orbital elements is in fact
noninertial [5]. The EP thus induces a long-periodic variation of the
orbital elements. However, because the period of the EP is much
larger than the satellite’s lifetime, its effect on the orbital elements
may be viewed as secular for all practical purposes. This effect is
more significant for long mission lifetimes and high-Earth orbits due
to the fact that the EP perturbing potential is proportional to the
orbital angular momentum.

A seminal analytical study of the orbital dynamics of a natural
satellite about an oblate precessing planet was performed by
Goldreich [6], taking into account the J2 zonal harmonics only and
assuming a constant precessional angular velocity. In a later work, a
higher-fidelity model for the EP was used to refine Goldreich’s
results [7]. Recently, it has been shown that the orbital elements used
tomodel the long-periodic effects of the EP are nonosculating, due to
the fact that the EP perturbing potential is velocity dependent [8].
This observation will be explained in the sequel.
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However, none of the aforementioned works has examined the
effect of the EP on artificial Earth satellites. GEO satellites are
subjected to a myriad of orbital perturbations, such as solar radiation
pressure [9], Earth’s oblateness (J2), tesseral resonance [10], and
lunisolar gravitation [11]. This paper shows that the EP should be
taken into account when analyzing orbital perturbations of extended-
lifetime GEO satellites in addition to the common perturbations. In
particular, the EP has a nonnegligible effect on north–south
stationkeeping as it induces long-periodic inclination variations.

In the presentwork,we shall investigate the intercoupling between
the zonal gravitational harmonics and EP, while neglecting the
nutation of Earth’s spin axis. This approach stems from the
mechanism generating the EP, which is attributedmostly to the zonal
harmonics of the gravitational potential. Hence, zonal perturbations
and EP may be regarded as a single realm of orbital perturbations.
The main question raised in this work, therefore, may be formulated
as follows: Assume that longitudinal perturbations resulting from
tesseral harmonics and solar radiation pressure have been corrected
by east–west stationkeeping, and long-periodic inclination
oscillations have been accounted for by north–south stationkeeping.
What is the additional fuel budget required due to the EP?

To answer this question, we start by deriving the potential of the
EP perturbing force and expressing it in terms of classical orbital
elements. Then we use Lagrange’s planetary equations (LPEs) to
derive the variational equations of themean classical orbital elements
subjected to zonal perturbations and EP. An illustrative example
shows that the EP induces an out-of-plane excursion due to a long-
periodic inclination variation, requiring additional north–south
stationkeeping maneuvers. Equilibrium solutions of the variational
equations are utilized to derive stable frozen orbits, which are
invariant under the EP, thus minimizing the propellent mass needed

for stationkeeping. A simulation is carried out to verify the analytical
observations.

II. Background

In the discussion to follow, we shall use the following reference
frames, depicted by Fig. 1:

I , an Earth-centered, inertial, Cartesian, rectangular, dextral
(CRD) frame. The fundamental plane is the ecliptic plane, the

positive X̂ axis is the vernal equinox of fixed epoch, the Ẑ axis points

in the direction of the celestial north pole, and the Ŷ axis completes
the setup.

R, a noninertial CRD frame which coprecesses, but does not spin,
with the Earth. The fundamental plane is Earth’s equatorial plane, the
positive x̂ axis is the instantaneous vernal equinox, the ẑ axis points in
the direction of the north pole, and the ŷ axis completes the setup.

P, a noninertial perifocal CRD frame. The fundamental plane is

the instantaneous orbital plane, the positive �̂ axis points in the

direction of the instantaneous perigee, the ĥ axis is normal to the
instantaneous orbital plane and points in the direction of the orbital
angular momentum, and �̂ axis completes the setup.

We shall first present the equations of motion for a Keplerian two-
body problem and then extend the model to include the effects of EP
and zonal harmonics via a variation-of-parameters procedure.

In the Keplerian case, the coordinate systemR is assumed to be an
inertial frame. The equations of motion in this frame assuming
Newtonian gravitation are given by

�r� �r

r3
� 0 (1)

where r 2 R3 is the position vector, and r� krk. To solve Eq. (1), it
is customary to first express the position vector in the auxiliary
perifocal coordinate system, P:

r P �
r cos f
r sin f
0

2
4

3
5 (2)

where r is given by the usual polar conic equation

r� a�1 � e2�
1� e cos f

(3)

f� f�a; e;M0; t� is the true anomaly, andM0 is the mean anomaly
at epoch. The perifocal velocity vector is obtained by writing

_r P � _f

�
dr

df

�
P
�

������������������������
�

a3�1 � e2�3
r

�1� e cos f�2
�
dr

df

�
P

(4)

which yields

_r P �
�

������������
�

a�1�e2�
q

sin f������������
�

a�1�e2�
q

�e� cos f�
0

2
664

3
775 (5)

To solve for r and _r, we need to use a rotation matrix from R to P,
denoted TR

P . A standard transformation is given by [12,13]

TR
P �i;�; !� �

c���c�!� � s���s�!�c�i� �c���s�!� � s���c�!�c�i� s���s�i�
s���c�!� � c���s�!�c�i� �s���s�!� � c���c�!�c�i� �c���s�i�

s�!�s�i� c�!�s�i� c�i�

2
4

3
5 (6)

and the compact notation c��� � cos���, s��� � sin��� is used. Using
Eqs. (2) and (6), we obtain the general solution to Eq. (1),

r � TR
P ��; !; i�rP�a; e;M0; t� � f�a; e; i;�; !;M0; t� (7)

whereM0 is themean anomaly at epoch. Substituting (2), (3), and (6)
into (7) and simplifying yields

X̂

Ŷ

Ẑ

x̂

ŷ

ẑ

ψ

ψ

r

ˆ−η

ξ̂

ĥ

u

Fig. 1 Inertial, coprecessing and perifocal reference frames.
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r �
x
y
z

2
4

3
5

� a�1� e2�
1� ecosf

cos�f�!�cos��� � cos�i� sin�f�!� sin���
cos�i�cos��� sin�f�!�� cos�f�!� sin���

sin�i� sin�f�!�

2
4

3
5
(8)

In a similar fashion, the expression for the velocity is given by

v � TR
P ��; !; i� _rP�a; e;M0; t� � g�a; e; i;�; !;M0; t� (9)

Thus, the inertial position and velocity depend upon time and the
classical orbital elements,

� � �a; e; i;�; !;M0�T (10)

The above solutions were obtained for the nominal, undisturbed
Keplerian motion. When a disturbing specific force, �F, is
introduced, Eq. (1) is rewritten as

�r� �r

r3
��F (11)

To solve for the resulting non-Keplerian motion, Euler [14] and
Lagrange [15] have developed the variation-of-parameters
procedure, a general method for solving nonlinear differential
equations. In essence, themethod suggests to transform the constants
of the unperturbed motion, the classical orbital elements, into
functions of time, yielding a modified solution of the form

r � f ���t�; t� (12)

Taking the time derivative of Eq. (12) yields the relationship

_r� @r

@t
��� g�� (13)

where

� � @f

@�
_� 2 R3 (14)

is termed the gauge function. To obtain the variational differential
equations describing the temporal change of the classical orbital
elements, Eq. (13) is differentiated and substituted into Eq. (11),
giving

@g

@�
_�� _���F (15)

Multiplying Eq. (15) by �@f=@��T and Eq. (14) by �@g=@��T and
subtracting yields Gauss’s variational equations (GVEs) [16]:

_�� PT
��
@f

@�

�
T

��F � _�� �
�
@g

@�

�
T

�

�
(16)

where P is the 6 	 6 skew-symmetric Poisson matrix [12], given by

PT

�

0 0 0 0 0 2
na

0 0 0 0 �
��������
1�e2

p
na2e

1�e2
na2e

0 0 0 � 1

na2
��������
1�e2

p
sin i

cot i

na2
��������
1�e2

p 0

0 0 1

na2
��������
1�e2

p
sin i

0 0 0

0
��������
1�e2

p
na2e

� cot i

na2
��������
1�e2

p 0 0 0

� 2
na

� 1�e2
na2e

0 0 0 0

2
666666664

3
777777775

(17)

and n�
�����������
�=a3

p
is the mean motion.

The variations-of-parameters procedure, which maps from �r; _r�
into ��; _��, involves an inherent freedom, permitting one to impose

three extra conditions. Lagrange chose to impose the constraint
�� 0, which is also known as the Lagrange or osculation constraint.
The Lagrange constraint postulates that the trajectory in the inertial
configuration space is always tangential to an “instantaneous” ellipse
(or hyperbola) defined by the instantaneous values of the time-
varying orbital elements ��t�. This instantaneous orbit is called
osculating orbit. Accordingly, the orbital elements which satisfy the
Lagrange constraint are called osculating orbital elements. The
Lagrange constraint, however, is completely arbitrary and may be
freely chosen by the user [16–19]. The use of a generalized Lagrange
constraint, that is, � ≠ 0, gives rise to nonosculating orbital
elements. We shall now show that in the case of velocity-dependent
perturbations (such as the EP), selecting� ≠ 0 is necessary to derive
the common form of LPEs [8].

Let R�r; _r� be a position- and velocity-dependent perturbing
potential generating some perturbing Lagrangian �L�r; _r�. The
resulting perturbing force �F may be expressed in terms of �L by
utilizing the Euler–Lagrange equations,

�F� @�L
@r

� d

dt

�
@�L
@ _r

�
(18)

Substituting into (16) yields

_�� PT
��
@f

@�

�
T
�
@�L
@r

� d

dt

�
@�L
@_r

��

��
�
�
@g

@�

�
T

�

�
(19)

Choose [20]

� �� @�L
@ _r

(20)

and substitute into (19) to get

_�� PT
��
@f

@�

�
T @�L
@r

�
�
@g

@�

�
T @�L

_@r

�
(21)

which simplifies via the chain rule [8] and the Legendre
transformation [21] into the familiar form (a more elaborate
discussion can be found in Appendix A) of LPEs:

_�� PT
@R

@�
(22)

Although Eq. (22) assumed the common form of LPEs, the orbital
elements � are nonosculating, as they were obtained for � ≠ 0.
However, when the perturbation potential depends upon position
only (e.g., high-order zonal gravitational harmonics), Eq. (20)
reduces to �� 0, and the resulting planetary equations assume the
same form as in (22) with osculating orbital elements. Consequently,
the LPEs can be used to model variations of parameters due to
velocity-dependent potentials as well.

A common practice in astrodynamics and celestial mechanics is to
obtain the secular and long-periodic effects of a perturbing potential
by time-scale separation. This procedure, pioneered by Brouwer
[17], is carried out by averaging the planetary equations. In essence,
the averaging procedure yields expressions for the secular effect of
first-order small perturbations on a satellite orbit assuming that the
variations of orbital elements during some given time interval is of
second order. The resulting orbital elements are called mean orbital
elements.

The averaging of a perturbing potential R is carried out as follows
[12]:

�R� hRi � 1

2�

Z
2�

0

R dM (23)

or, alternatively,

�R� 1

2�

Z
2�

0

n

h
Rr2 df (24)

where h�
�����������������������
�a�1 � e2�

p
is the orbital angular momentum. To
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perform the averaging procedure, it is assumed that the perturbing
potential is first order small, that is,

R� � ~R; �
 1 (25)

where ~R is the nondimensional potential. This assumption
guarantees that to first order, time-scale separation renders the mean
orbital elements unchanged in the interval f� �0; 2��. Hence, the
averaged differential equations for the mean orbital elements are
obtained by the substituting

� 7! ��; _�7! _�� (26)

into the planetary equations. We shall focus in the next sections on
the secular effects of perturbations stemming from the EP and its
coupling to Earth’s zonal harmonics.

III. Equations of Motion in a Precessing Frame

Let r 2 R3nf0g be the position vector of the satellite in R, and
u 2 R3 the angular velocity vector of frame R relative to frame I .
The acceleration of the satellite in the coprecessing frameR is given
by the equation of motion in a rotating frame,

�r� �r

r3
��2u 	 _r� u 	 �u 	 r� � _u 	 r (27)

Comparing to Eq. (11), we see that the perturbing force due to the EP
is given by

�F��2u 	 _r� u 	 �u 	 r� � _u 	 r (28)

Based on previous derivations [6], it is shown inAppendix A that the
perturbing potential of the precessional force Rp can be written as

Rp � u
�����������������������
�a�1� e2�

p
�cos i cos � sin i cos� sin � (29)

where is the obliquity of the ecliptic (see Fig. 1), andu� kuk is the
precessional angular velocity. Expression (29) has been obtained by
assuming uniform precession, u� const and constant obliquity
 � const. Using (22), the LPEs become

_�� PT
@Rp
@�

� PT
@ �Rp
@�

(30)

The last equality in (30) stems from the fact that Rp is time

independent, so thatRp � �Rp and the effect of the uniformEP is long
periodic only. Themean orbital elements are therefore identical to the
instantaneous orbital elements, � � ��.

Substituting (17) and (29) into (30), we get the variation of orbital
elements due to EP:

da

dt
� 0 (31)

de

dt
� 0 (32)

di

dt
��u sin� sin (33)

d�

dt
��u�cot i cos� sin � cos � (34)

d!

dt
� u

sin cos�

sin i
(35)

dM0

dt
� 0 (36)

Examining Eqs. (31–36) shows that the EP does not affect the
semimajor axis, the eccentricity, and the mean anomaly at epoch.
However, the precession does affect the inclination and induces
apsidal and nodal rotations. The periodic dynamics of the precession-
perturbed inclinationwill generate out-of-plane excursionwhichwill
cause the satellite to drift, on short time scales, from the reference
orbit.We shall investigate this phenomenon in the next sectionwhile
incorporating zonal gravitational perturbations into the analysis.

As previously discussed, the EP is caused by the effect of the
lunisolar gravitational torque on the Earth’s equatorial bulge. Thus,
the perturbing effect of zonal gravitational harmonics must be
included in the variational equations of the classical orbital elements.
The gravitational potential including zonal harmonics only is given
by [12]

Rz ���
r

X1
k�2

Jk

�
req
r

�
k

Pk�cos�� � �
X1
k�2

RJk (37)

where � is the colatitude angle, satisfying

cos�� sin�!� f� sin i (38)

Pk is a Legendre polynomial of the first kind of order k, and req is
Earth’s equatorial radius.

An important question is where to truncate Rg so as to obtain a
realistic model of the zonal gravitational perturbations taking into
account the effect of the EP. The answer largely depends on the type
of the satellite orbit. In low-Earth orbits, the effect of EP is negligible
even for long mission lifetimes, as the oblateness term J2 markedly
dominates the variation of orbital elements. In geosynchronous
orbits, however, the effect of EP is much more significant, as the
gravitational perturbations decay rapidly with altitude while the
precessional potential increases moderately with altitude. To
quantify this observation, we shall perform an order-of-magnitude
analysis by computing the values of the perturbing potential
normalized by the nominal gravitational potential,

Rg ���
r

(39)

The zonal coefficients for Earth are given by

J2 � 1082:63 	 10�6 (40)

J3 ��2:532153 	 10�6 (41)

J4 ��1:6109877 	 10�6 (42)

The precession angular velocity calculated assuming a 25,770-year
period [4]:

u� 7:7314124597 	 10�12 rad=s (43)

and the obliquity of the ecliptic is

 � 23:45 deg (44)

For geosynchronous orbits,

a� 42; 164 km; e� 0 (45)

In addition,

j cos�j 
 1 ! jPk�cos��j 
 1 (46)

j cos i cos � sin i cos� sin j 
 1 (47)

Substituting (40–47) into (29) and (37) yields

O
�
RJ2
Rg

�
�O

�
J2

�
req
r

�
2
�
� 2:452 	 10�5 (48)

240 GURFIL



O
�
RJ3
Rg

�
�O

�
J3

�
req
r

�
3
�
� 8:633 	 10�9 (49)

O
�
RJ4
Rg

�
�O

�
J4

�
req
r

�
4
�
� 8:266 	 10�10 (50)

O
�
Rp
Rg

�
�O

�
ur

����
a

�

r �
� 1:068 	 10�7 (51)

A few observations regarding (48–51) are in order. First and
foremost, we see that the normalized perturbation potential due to the
EP is only 2 orders of magnitude smaller than the normalized J2
potential. In fact, the precessional potential is an order of magnitude
larger than the J3 potential and 2 orders of magnitude larger than the
J4 perturbation.We therefore neglect the J4 effect in the forthcoming
analysis and include the J2 and J3 terms only:

Rz � RJ2 � RJ3 (52)

For comparison, the order of magnitude of the normalized lunisolar
gravitational potential is�5 	 10�6 [22].We stress that although the
lunisolar perturbing potential is more dominant than the EP, we treat
the precession and the zonals as a single, unified, perturbation,
assuming that the inclination drift resulting from lunisolar gravity
had been corrected by a preceding north–south maneuver. In other
words, we focus here on variations of orbital elements due to the EP.

To continue, we use Eqs. (24), (37), and (38), to drive an
expression for the mean potential in terms of mean orbital elements:

�R z �
n2J2r

2
eq

4�1� e2�32 �3cos
2i � 1� � 3

8

n2J3r
3
eqe sin! sin i�5cos2i � 1�

a�1� e2�52
(53)

The resulting LPEs,

_�� PT
@ �Rz
@�

(54)

yield variational equations for the truncated zonal potential, given by

da

dt
� 0 (55)

de

dt
�� 3

8
J3

�
req
p

�
3

n�2 cos!�5cos2i � 1� sin i (56)

di

dt
� 3

8
J3

�
req
p

�
3

ne cos!�5cos2i � 1� cos i (57)

d�

dt
�� 3

2
J2

�
req
p

�
2

n cos i� 3
8
J3

�
req
p

�
3

ne sin!�15cos2i � 11�

	 cos i (58)

d!

dt
� 3

4
J2

�
req
p

�
2

n�5cos2i � 1� � 3

8
J3

�
req
p

�
3

n
sin!

e sin i
�sin2�i�

	 �1 � 5cos2i � 35e2cos2i� � 4e2� (59)

dM0

dt
� 3

4
J2

�
req
p

�
2

n��3cos2i � 1� � 3

8
J3

�
req
p

�
3

n�
�4e2 � 1�

e

	 sin! sin i�5cos2i � 1� (60)

wherep� a�1 � e2� is the semilatus rectum and ��
�������������
1 � e2

p
is the

eccentricity measure.
The high-order zonal harmonics J3 affects the long-periodic

dynamics of all orbital elements except a. In addition, the J3 effect
couples the dynamics of the apsidal rotation to the nodal regression
and inclination variation, which are uncoupled under a J2
perturbation only. This coupling decreases for small eccentricities, as
is the case for GEO satellites. This fact will be used subsequently for
identifying frozen orbits.

In summary, the orbital dynamics of a satellite subject to the EP
and the J2 and J3 zonals are obtained by writing

_�� PT
@ �Rp
@�

� PT
@ �Rz
@�

(61)

which results in the following variational equations:

da

dt
� 0 (62)

de

dt
�� 3

8
J3

�
req
p

�
3

n�2 cos!�5cos2i � 1� sin i (63)

di

dt
� 3

8
J3

�
req
p

�
3

ne cos!�5cos2i � 1� cos i � u sin� sin (64)

d�

dt
�� 3

2
J2

�
req
p

�
2

n cos i� 3
8
J3

�
req
p

�
3

ne sin!�15cos2i � 11�

	 cos i � u�cot i cos� sin � cos � (65)

d!

dt
� 3

4
J2

�
req
p

�
2

n�5cos2i � 1� � 3

8
J3

�
req
p

�
3

n
sin!

e sin i
�sin2�i�

	 �1 � 5cos2i � 35e2cos2i� � 4e2� � u
sin cos�

sin i
(66)

dM0

dt
� 3

4
J2

�
req
p

�
2

n��3cos2i � 1� � 3

8
J3

�
req
p

�
3

n�
�4e2 � 1�

e

	 sin! sin i�5cos2i � 1� (67)

In the next section, we shall investigate Eqs. (62–67) and will be
particularly interested in the out-of-plane excursion due to the EP.

IV. Motivating Example

We shall start the analysis of Eqs. (62–67) by presenting a
motivating example. Consider a GEO satellite with the initial orbital
elements

e0 � 0:01; i0 � 0:01 rad; �0 � 3�=4 rad

!0 � �=2 rad
(68)

For these initial conditions and the parameter values (40–44), let us
compare the J2-perturbed, lunisolar gravitation-free orbital
dynamics for the following cases:

J3 � u� 0 (69)
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J3 ≠ 0; u� 0 (70)

J3 � 0; u ≠ 0 (71)

J3 ≠ 0; u ≠ 0 (72)

Integration of the equations of motion (62–67) for cases (70–72) was
performed using an eighth-order Runge–Kutta algorithm. The results
of the simulation assuming a 15-yearmission lifetime are depicted by
Figs. 2 and 3.

Figure 2 shows the time histories of the differences of the orbital
elements e, i,�, and! for cases (70–72) relative to the J2-only case,
(70). Examining the results for� and!, we see that the curves for the
various cases are practically indistinguishable. We also note that the
J3 term slightly modifies the eccentricity, reducing it by about 3 ppm
within the given lifetime while increasing the inclination by about
0.002 deg.

However, the precession term u is much more significant.
Although not affecting the eccentricity, it reduces the inclination by
about 0:00134 rad� 0:077 deg, which is 540 times larger than the
inclination change caused by J3. This is not surprising, as Eq. (64)
shows that the secular inclination change for e� 0 is dominated by
the precession term. We shall use this fact in the sequel to decouple
the effects of EP and J3 on the orbital element variations.

The secular precession-induced inclination drift will cause a
significant out-of-plane excursion due to the relatively large
semimajor axis of GEO orbits, 42,164 km. To estimate the out-of-
plane deflection, recall from Eq. (8) the expression for the normal
component of motion in the precessing frame R,

z� a�1 � e2�
1� e cos f

sin�i� sin�f� !� (73)

For GEO orbits, e� 0 and sin i� i, so that the normal deflection
relative to the initial orbit, taking the long-term component of the
motion only, may be written in terms of mean orbital elements as

�z� z � z0 � a sin i � a0 sin i0 � a�i � i0� (74)

The secular out-of-plane deflection�z for cases (69–72) is depicted
by Fig. 3. Notably, the precessional angular velocity is the most
dominant constituent in the induced long-term normal drift of the
satellite, causing a 37 km secular out-of-plane excursion after
10 years and a secular out-of-plane deflection of 57 km after 15 years.
For the given time interval, �z grows almost linearly with time at a
rate of �3:8 km=year.

The secular inclination variation and resulting out-of-plane
deflection require a corrective north–south stationkeepingmaneuver.
To assess the required velocity correction�v, we use the GVE [12]

�i� r cos�f� !������������������������
�a�1 � e2�

p �v (75)

The minimal GEO velocity correction is therefore

�v�
����
�

a

r
�i� 4:132 m=s (76)

Assuming a dimethyl hydrazine propellent with Isp � 220 s and an
overall satellite mass of m0 � 3000 kg, the additional fuel mass
required for north–south stationkeeping due to the EP can be
calculated using the rocket equation:

�m�m0

�
1 � exp

�
� �v

Ispg0

��
� 5:7 kg (77)

Thus, a nonnegligible amount of additional propellent is required to
cancel the secular inclination growth due to the EP. This important
observation motivates the forthcoming discussion, dealing with
finding orbits that are insusceptible to the effect of EP, eliminating
the need for precession-induced north–south storekeeping.

V. Motion About Local Equilibria: Frozen Orbits

Equilibria or partial equilibria of the orbital dynamics in the mean
orbital elements phase space are usually referred to as “frozen
orbits.” Frozen orbits can be found under a myriad of orbital
perturbations [23,24]. In the present paper, we shall use the term
frozen orbits to denote partial equilibria of the system under the
combined effect of J2, J3, and the EP. We shall show that the EP
modifies the previously found frozen orbits assuming J2 and J3
perturbations only [23]. In particular, we shall seek frozen orbits
minimizing the EP-induced out-of-plane deflection. To that end, we
shall define a nominal dynamic system comprising the J2 and EP
effects, and a perturbed dynamic system that entails the J3 effect as a
disturbance, coupling the dynamics of the line of apsides to the
inclination variation and nodal regression. This approach stems from
the fact that the J3 effect is an order of magnitude smaller than the EP
for a representing GEO, as shown in the previous section.
Consequently, the nominal system under investigation is therefore
defined as

_�� PT
�
@ �Rp
@�

� @ �RJ2
@�

�
(78)
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Because of the fact that the averaged precessional and zonal
potentials are time invariant, the Hamiltonian (total energy) of (78)
constitutes a constant of the motion, denoted by K1,

�R p � �RJ2 � K1 (79)

We are interested in the stationary points of system (78) satisfying

d�

dt
� 0;

di

dt
� 0 (80)

In the nominal system (78), the apsidal dynamics are decoupled from
the nodal regression and inclination variation, viz.

di

dt
��u sin� sin (81)

d�

dt
�� 3

2
J2

�
req
p

�
2

n cos i � u�cot i cos� sin � cos � (82)

Equations (81) and (82) can be solved in closed form. This procedure
is carried out inAppendix B.We shall focus here on the investigation
of the dynamics in the vicinity of the equilibria of (81) and (82),
which are found by solving the algebraic equations

u sin�0 sin � 0 (83)

3

2
J2

�
req
p

�
2

n cos i0 � u�cot i0 cos�0 sin � cos � � 0 (84)

for �0 and i0. Denoting

c1 �
3

2
J2

�
req
p

�
2

n (85)

the solutions of (83) and (84) are given by

�0 � 0 (86)

c21sin
4i0 � 2c1u sin sin

3i0 � �u2 � c21�sin2i0 � 2c1u sin sin i0

� u2sin2 � 0 (87)

and

�0 � � (88)

c21sin
4i0 � 2c1u sin sin

3i0 � �u2 � c21�sin2i0 � 2c1u sin sin i0

� u2sin2 � 0 (89)

Explicit expressions for the frozen inclination are straightforwardly
found by solving the quartic polynomials (87) and (89) for sin i0.
Once�0 and i0 are found, a solution for the argument of perigee can
be derived by direct integration of (66) with J3 � 0 and the initial
condition !�t0� � !0:

!�t� �
�
3

4
J2

�
req
p

�
2

n�5cos2i0 � 1� � u
sin cos�0

sin i

�
t� !0

We can now estimate the influence of the J3 effect on the equilibria
(86–89) by considering the perturbed system

_�� PT
�
@ �Rp
@�

� @ �RJ2
@�

� @ �RJ3
@�

�
(90)

and the constant Hamiltonian

�R p � �RJ2 � �RJ3 � K2 (91)

Equation (63) shows that the eccentricity variation due to J3 is of
order O�J3�req=p�3� �O�10�8�, and will therefore be neglected in
the analysis (but not in the simulations, which will be carried out
using high-fidelity models), that is, we shall assume that

e� const� 0 (92)

The last equality in (92) stems from the fact that the eccentricity is
usually very small (but not zero) in a common GEO.

The next step is to solve Eq. (66) without the simplifying
assumption J3 � 0. To that end, rewrite (66) as

d!

k1�i0;�0� � k2�i0;�0� sin!
� dt (93)

where �0 and i0 are the equilibria of the nominal system given by
(86–89), and k1, k2 are defined by

k1�i0;�0� �
3

4
J2

�
req
p

�
2

n�5cos2i0 � 1� � u
sin cos�0

sin i0
(94)

k2�i0;�0� � � 3

8
J3

�
req
p

�
3

n
sin!

e sin i0
�sin2i0�1 � 5cos2i

� 35e2cos2i0� � 4e2� (95)

Equation (93) is a separable differential equation which can be
readily solved by quadrature,Z

!

!0

d!

k1 � k2 sin!
� t � t0 (96)

whereZ
!

!0

d!

k1 � k2 sin!

�

8>>><
>>>:

2���������
k2
1
�k2

2

p tan�1 k1 tan
!
2�k2���������

k2
1
�k2

2

p
����
!

!0

for jk1j> jk2j

1���������
k2
2
�k2

1

p ln
�
k1 tan

!
2�k2�

���������
k2
2
�k2

1

p
k1 tan

!
2�k2�

���������
k2
2
�k2

1

p
�����

!

!0

for jk2j> jk1j
(97)

Letting jk1j> jk2j and t0 � 0 we arrive at

!�t� � �2tan�1
k2 �

���������������
k21 � k22

p
tan

�
t

���������
k2
1
�k2

2

p
2

� tan�1
�
k1 tan

!0
2 �k2���������

k2
1
�k2

2

p
��

k1
(98)

We must still account for the J3-induced intercoupling between the
inclination, node, and argument of perigee dynamics. This can be
done by a judicious selection of the initial condition !0. The
equilibrium equations at epoch are

3

8
J3

�
req
p

�
3

ne cos!0�5cos2i0 � 1� cos i0 � u sin�0 sin � 0

(99)

� 3

2
J2

�
req
p

�
2

n cos i0 �
3

8
J3

�
req
p

�
3

ne sin!0�15cos2i� 11� cos i0
� u�cot i0 cos�0 sin � cos � � 0 (100)

3

4
J2

�
req
p

�
2

n�5cos2i0 � 1� � 3

8
J3

�
req
p

�
3

n
sin!0

e sin i0
�sin2�i0�

	 �1� 5cos2i0 � 35e2cos2i0� � 4e2� � u
sin cos�0

sin i0
� 0

(101)
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Letting �0� or�0 � � [cf. Eqs. (86) and (88)], the required initial
argument of perigee is

!0 �
�

2
or

3�

2
(102)

The dynamics of the J3-perturbed systemwill be affected by the local
stability of the nominal frozen orbits, determined by the eigenvalues
of the Jacobian

J�
@
@i
di
dt

@
@�

di
dt

@
@i
d�
dt

@
@�

d�
dt

� �����
�0;i0

� 0 �u cos�0 sin 
c1 sin i0 � u�1� cot2i0� cos�0 sin u sin�0 sin cot i0

� �

(103)

Substituting �0 � 0 [cf. Eq. (86)] into (103) yields

J��0 � 0� � 0 �u sin 
c1 sin i0 � u�1� cot2i0� sin 0

� �
(104)

which possesses the purely imaginary conjugate eigenvalue pair

�1;2�J��0 � 0�� � � j

2

��������������������������������������������������������������������������
j6u sin J2r2eqnsin3i0 � 4p2u2sin2 j

q
p sin i0

(105)

Similarly, for �0 � � [cf. Eq. (88)],

J��0 � �� � 0 u sin 
c1 sin i0 � u�1� cot2i0� sin 0

� �
(106)

and the eigenvalues are

�1;2�J��0 � ��� � � j

2

��������������������������������������������������������������������������
j6u sin J2r2eqnsin3i0 � 4p2u2sin2 j

q
p sin i0

(107)

Hence, the nominal frozen orbits defined by the equilibria (86–89)
are locally stable based on the centermanifold theorem [25]. A useful
approximation for the eigenvalues may be obtained by using
the fact that for most GEO satellites i0 � 0, and hence
6u sin J2r

2
eqnsin

3i0 
 4p2u2sin2 , giving

�1;2�J�i0 � 0;�0 � 0�� � �1;2�J�i0 � 0;�0 � ��� � �j u sin 
sin i0

��j!l (108)

The J3 input will therefore induce a libration of natural frequency !l
about the equilibrium state. We shall quantify these observations in
the next section.

VI. Frozen Orbit Simulation

Consider a GEO satellite with

a� 42; 164 km; e� 0:01 (109)

so that

c1 � 2:66272736 	 10�9 rad=s (110)

As shown in the previous section, we must choose either�0 � 0 or
�0 � � and !0 � �=2 or�0 � 3�=2 to obtain frozen orbits. In this
example, we shall use the initial conditions

�0 � �; !0 �
�

2
(111)

Using (110) and (111), the value of the precessional angular
velocity (43) and the obliquity of the ecliptic (44), the frozen

inclination can be found by solving (89) and taking the solution
satisfying i0 2 �0; �=2�. The only feasible solution is found to be

i0 � 0:0011524 rad� 0:06602776 deg (112)

which lies well within the geosynchronouswindowof 0:1 	 0:1 deg
[the frozen inclination found in (112) varies slightly for eccentricities
in the range 10�5 
 e0 
 0:01].

A comparison of the mean orbital elements of the resulting frozen
orbit for the cases J3 � 0, J3 ≠ 0 is depicted in Fig. 4. In the nominal
case,� and i remain constant and equal to the initial values.When J3
is introduced in to the dynamics, a very slow libration about the
nominal equilibria evolves. The frequency of this libration, using
Eq. (105), is

!l � 2:669818456 	 10�9 rad=s� c1 (113)

and the period is

Tl � 74:6262 yr (114)

Hence, the drift from the frozen conditions due to J3 is very slow and
is practically insignificant for the lifetimes of GEO satellites, as
shown in Fig. 4. This figure shows that during a 15-year mission,�0

decreases by 0.17 deg, i0 decreases by 3:7 	 10�7 deg, and the
frozen eccentricity by 0.28 ppm. The nullification of the inclination
drift will eliminate the out-of-plane excursion, which may become
significant for the nonfrozen conditions. This fact is illustrated by
Fig. 5, comparing �z for the cases J3 � 0 and J3 ≠ 0. For the
nominal frozen orbit, including the J2 andEP only,�z� 0.When J3
is introduced into the simulation, the maximum out-of-plane
excursion reaches only 27.4 cm, which is considerably less than the
57 km excursion generated by the nonfrozen conditions (see Sec. IV,
Motivating Example). Thus, we have managed to find a frozen orbit
which is practically insusceptible to the EP, thus eliminating the need
for extra north–south stationkeeping.

The dynamics about the frozen orbits can be established by
plotting the equipotential contours of the Hamiltonian K1. Figure 6
shows the three-dimensional contour plots of K1 for the parameter
values (111) and (112). The stable libration regions about the
nominal equilibrium are clearly seen.

VII. Conclusions

The main conclusion from this work is that the equinoctial
precession has a nonnegligible effect on geosynchronous Earth orbit
satellites characterized by mission lifetimes longer than 10 years,
because the normalized perturbation potential due to the EP is only
2 orders of magnitude smaller than the normalized J2 potential. The
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significance of the EP stems from the fact that the perturbation
potential thereof increases with orbital altitude. The secular
inclination growth due to the EP requires additional propellent for
north–south stationkeeping maneuvers.

We also conclude that there exist frozen orbits that are invariant to
the EP assuming a gravitational model comprising zonal harmonics
only. These frozen orbits are stable, significantly reducing the EP-
induced secular out-of-plane drift and therefore reducing satellite
propellentmass. These frozen orbits existwithin the geosynchronous
window and hence can be used for actual missions.

Appendix A: Equinoctial Precession Perturbing
Potential

To derive the position- and velocity-dependent potential of �F,
we denote by L�r; _r� the unit-mass Lagrangian of the dynamics in
frame P,

L �r; _r� � L0 ��L (A1)

where L0 is the nominal Lagrangian,

L 0 �
_r � _r
2

�U�r� (A2)

U�r� is the gravitational potential and �L is the perturbing
Lagrangian due to the equinoctial precession. We next write the
Euler–Lagrange equations for a generalized force,

@�L
@r

� d

dt

�
@�L
@ _r

�
��F (A3)

and verify by direct substitution that the following perturbing
Lagrangian satisfies Eq. (A3) [6,8]:

�L� � _r� 1
2
u 	 r� � �u 	 r� (A4)

The conjugate momenta are, by definition,

p ≜
@L
@ _r

� _r� @�L
@ _r

� @r

@t
��� @�L

@ _r
(A5)

Using the Legendre transformation, the Hamiltonian is readily
calculated by taking

H � p_r � L (A6)

To obtain the Hamiltonian as a function of the generalized momenta
and coordinates only, we substitute the expression for _r from
Eq. (A5) and the Lagrangian from Eq. (A1) into Eq. (A6), yielding

H�r;p� � p

�
p � @�L

@ _r

�
� 1

2

�
p � @�L

@ _r

�
2

�U�r� ��L� p2

2

� 1

2

�
@L
@ _r

�
2

� U�r� ��L� p2

2
� U�r� ��H (A7)

where

�H�� 1

2

�
@�L
@ _r

�
2

��L���u 	 r� � p��u � �r 	 p� (A8)

Using Eq. (13), we see that choosing

� ��u 	 r (A9)

yields

p � g (A10)

so that the last expression in (A8) simplifies into

�H��h � u (A11)

where h is the orbital angular momentum,

h �
�����������������������
�a�1 � e2�

p
ĥ (A12)

The perturbing potential satisfies

Rp ���H�
�����������������������
�a�1� e2�

p
ĥ � u�

�����������������������
�a�1� e2�

p
ĥ � uẐ (A13)

To express the perturbing potential in rotating coordinates, we
assume that the obliquity of the ecliptic  is constant (i.e., neglect
nutational motion) and that the precession is uniform. The
transformation from R to I is given by

X̂
Ŷ
Ẑ

2
4

3
5�

1 0 0

0 cos� � � sin� �
0 sin� � cos� �

2
4

3
5 x̂

ŷ
ẑ

2
4

3
5 (A14)

Substituting Ẑ from Eq. (A14) into Eq. (A13) yields

Rp �
�����������������������
�a�1� e2�

p
u�sin ŷ� cos ẑ�ĥ (A15)

Using (6), we note that

�̂
�̂
ĥ

2
4

3
5�

	
TR
P



T
x̂
ŷ
ẑ

2
4

3
5 (A16)

so we can express ĥ as
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ĥ� sin i sin�x̂ � sin i cos�ŷ� cos iẑ (A17)

resulting in

Rp � u
�����������������������
�a�1 � e2�

p
�cos i cos � sin i cos� sin � (A18)

which agrees with the expression obtained by Goldreich [6].

Appendix B: Closed-Form Solutions
for the � � i Dynamics

In this Appendix, we shall derive closed-form solutions for
Eqs. (81) and (82). To that end, define the transformation

q1 � sin i cos� (B1)

q2 � sin i sin� (B2)

Differentiating (B1) and (B2) yields the differential system

dq1
dt

� di

dt
cos i cos� � d�

dt
sin i sin�

dq2
dt

� di

dt
cos i sin�� d�

dt
sin i cos�

(B3)

Substituting from (81) and (82), and collecting terms transforms (B3)
into

dq1
dt

� q2�c1 cos i� u cos �
dq2
dt

� q1�u cos � c1 cos i� � u sin cos i

(B4)

where c1 is given by (85). For GEO satellites, it holds that
c1 cos i� u cos , so we may use the approximation

dq1
dt

� q2c1 cos i
dq2
dt

���q1c1 � u sin � cos i (B5)

We shall now transform the independent variable from t to susing the
transformation

d s� c1 cos i dt (B6)

Substituting into (B5) renders the system of linear equations

dq1
ds

� q2
dq2
ds

��q1 �
u

c1
sin (B7)

Denoting

c2 �
u

c1
sin (B8)

the general solution of system (B7) can be written as

q1�s� � G sin�s� �� � c2; q2�s� � G cos�s� �� (B9)

where G and � are the gain and phase which are determined by the
initial conditions. q1 andq2 can be obtained as functions of t by using

the fact that cos i�
������������������������
1� q21 � q22

p
, and therefore

ds

c1
������������������������
1 � q21 � q22

p � dt (B10)

Substituting for q1 and q2 from (B9),

ds

c1
�����������������������������������������������������������������
1�G2 � c22 � 2c2G sin�s� ��

p � dt (B11)

Integrating both sides of (B11) in closed form is possible with the aid
of elliptic integrals of the first kind. This integration will yield a
relationship between s and t. Further details can be found in
Kinoshita [7]. An additional simplification of (B11) is possible if we

use the small inclination approximation, cos i� 1. In this case,
s� c1t, and

q1�t� �G sin�c1t� �� � c2 q2�t� �G cos�c1t� �� (B12)

The amplitude and phase are given, respectively, by

G�
��������������������������������������������������������������
sin2i0 � c22 � 2c2 sin i0 cos�0

q
(B13)

�� tan�1
sin i0 cos�0 � c2

sin i0 sin�0

(B14)
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